We compare the level zero part of the type of a representation of GL(n) over a local non-archimedean field with the tame part of its Langlands parameter restricted to inertia. By normalizing this comparison, we construct canonical β-extensions of maximal simple characters.
2 Representations of GL n (F ). 16
Let F be a non-archimedean local field with residue field f of characteristic p. After the Bushnell-Kutzko classification of irreducible smooth representations of GL n (F ) over the complex numbers, a lot of work has been devoted to the description of the local Langlands correspondence in these terms. This classification is very explicit, but depends on a number of choices. In this paper we give canonical normalizations for these constructions and derive an interpretation of a type-theoretic invariant of representations in terms of Langlands parameters. These two goals are achieved more or less simultaneously: our normalizations are defined by the compatibility with similar constructions, themselves canonically normalized, for irreducible representations of the Weil group.
To see a concrete example of all this, one can consider the case of an inertial class s of level zero cuspidal representations. This admits a type on GL n (o F ) consisting of the inflation from GL n (f ) of a cuspidal irreducible representation σ. By the Green parametrization (or the cohomological constructions of DeligneLusztig) one associates to σ a conjugacy class of regular characters of the multiplicative group of f n , the extension of f of degree n. On the other hand, the Langlands parameters of the representations in s all have the same restriction to inertia, which is identified with a direct sum of regular characters of f × n via the Artin reciprocity map. These two sets of characters, coming from the type and the Langlands parameter, coincide.
One can give an analogous description of arbitrary inertial classes by keeping track of their endo-class, an invariant encoding the action of wild inertia on the Langlands parameter, and attach to any inertial class a set of characters of some other field extension of f . However, this introduces ambiguities which don't appear in the level zero case, due amongst other things to the fact that the "β-extensions" appearing in the construction of types are only unique up to twist. It is natural to seek a normalization of the β-extensions so that again one gets the same sets of characters from the type and from Clifford theory on the Weil group.
When making this precise one faces a number of additional complications, having to do with the various operations one can perform on representations, such as parabolic induction and reduction mod ℓ (for integral Q ℓ -representations). We will study the compatibility of our canonical normalizations with such operations, and in the process derive an interpretation of the tame inertia action on the Langlands parameter in terms of the supercuspidal support of an appropriate K-functor.
Introduction.
We give an overview of our methods, and recall the structure of the objects we will be dealing with. Let's describe how type theory leads to a parametrization of inertial classes of representations on the side of G = GL n (F ). By the fundamental work [BK93] , the supercuspidal irreducible representations of G are classified up to unramified twist by the maximal simple types they contain, which form a unique conjugacy class in G. A maximal simple type is constructed from a character θ of a compact open pro-p subgroup of G denoted H 1 θ , called a maximal simple character and satisfying a number of arithmetic properties we won't be recalling here (see for instance the first sections of [BH14] ). There is a two-step extension process to be applied to θ, to groups H 1 θ ⊆ J 1 θ ⊆ J θ . In more detail, there exists a unique irreducible representation η θ of J 1 θ containing θ, and it can be extended to J θ . There is a distinguished set of β-extensions 1 of η θ , which are all twists of each other by certain abelian characters of J θ . The group J θ /J 1 θ is non-canonically isomorphic to a general linear group over a finite field, determined uniquely by invariants attached to θ. One then fixes a β-extension κ, inflates a supercuspidal irreducible representation σ of J θ /J 1 θ to J θ , and forms the tensor product λ = κ ⊗ σ. One of the main results of [BK93] says that the pair (J θ , λ), called a maximal simple type in G, is a type for a supercuspidal Bernstein component of G (see for instance [BK98] for terminology regarding types and the Bernstein decomposition). To describe general Bernstein components, one uses G-covers and semisimple types. Maximal simple characters in different groups are organized in endo-equivalence classes (see [BH96] ), and a step in the construction of semisimple types is the construction of compatible β-extensions of endoequivalent maximal simple characters.
The first problem we treat is whether there always exists a canonical choice of β-extension of a given maximal simple character. For instance, one could notice that precisely one of them has determinant character of order a power of p. Working throughout with these p-primary β-extensions, we obtain a simple description of the supercuspidal inertial classes of GL n (F ): they are in bijection with G-conjugacy classes of pairs (θ, σ), where θ is a maximal simple character in G and σ is a supercuspidal irreducible representation of J θ /J 1 θ . This parametrization is completely intrinsic to the group G, and this very fact makes it hard to compare inertial classes across different groups, for example when dealing with noncuspidal inertial classes and their supercuspidal supports.
In line with the compatibility of the local Langlands correspondence with parabolic induction, one would like the parameter of a parabolically induced inertial class to be "the same" as that of its supercuspidal support, in some suitable sense. It is therefore reasonable, for instance, to attach to the inertial class of [GL n/r (F ) ×r , π ⊗r 0 ] the GL n/r (F )-conjugacy class of pairs (θ 0 , σ 0 ) such that the maximal simple type κ 0 ⊗σ 0 appears in π 0 , for κ 0 the p-primary β-extension of θ 0 . This approach does indeed give a description of all Bernstein components, but leads to the question of whether the p-primary β-extensions of endo-equivalent maximal simple characters are compatible with each other (in the sense of section 2.3). If the answer is negative, the parametrization can fail to be compatible with certain natural operations: if we classify the F ℓ -representations via the mod ℓ type theory developed in [Vig96] and [MS14b] , it can fail to commute with mod ℓ reduction of integral representations. Other problems due to the non-canonicity of β-extensions have been observed and dealt with, for example, in [Blo12] and [BHS] .
Further ambiguities can arise from the level zero part. While fixing κ does give a unique decomposition λ = κ ⊗ σ of a maximal simple type, the representation σ is defined in terms of the group J θ /J 1 θ , which is isomorphic to a general linear group over a finite extension of f . This extension is not canonically defined: it 1 The terminology comes from the construction of simple characters from simple strata [A, β] defining the simple character θ. To emphasize that the notion does not depend on the stratum, one could follow [BH11] in referring to these as wide extensions. These representations are called in yet another way in [BH14] .
depends on a choice of unramified parameter field for θ, and it has nontrivial automorphisms over f . Again, this can be observed when varying the group. If G ′ if an inner form of G, its supercuspidal inertial classes afford a similar parametrization, and the notion of endo-equivalence of simple characters has been extended in [BSS12] to maximal simple characters in G ′ . A special case of the invariance conjecture of [BSS12] says that if s is a supercuspidal Bernstein component of G containing the pair (θ, σ) then the Jacquet-Langlands transfer JL(s) contains a maximal simple character θ ′ within the same endo-class of θ. Granted this, it is natural to ask whether one can also compare the "level zero part" σ with that of JL(s). Doing so requires comparing representations of J θ /J 1 θ and the corresponding group J θ ′ /J 1 θ ′ , but there seems to be no canonical isomorphism between these groups. Any comparison would thus seem to depend on an arbitrary choice.
We circumvent these issues by adding some structure to the parametrization and requiring that it be preserved by automorphisms of J θ /J 1 θ → GL n/δ(ΘF ) (e) under inner automorphisms of the target, whenever an unramified parameter field for θ is fixed.
We can now apply the results of [SZ99] and [MS14b] , and attach to every β-extension κ of a maximal simple character with endo-class Θ F a functor
When applied to a supercuspidal representation π, the functor K κ recovers the representation σ such that λ = κ ⊗ σ is a maximal simple type for π, identified with a representation of GL n/δ(ΘF ) (e) via Ψ(Θ E ). For a simple representation (that is, with inertial supercuspidal support [GL n/r (F ), π ×r 0 ] for some divisor r of n), the supercuspidal support of K κ (π) is a multiple of a representation that we call the level zero part Λ κ (π) of π. It depends on the choice of κ and of the lift Θ E → Θ F . The Green parametrization of supercuspidal representations of GL n/δ(ΘF ) (e) (and its analogue for modular representations due to James) then identifies Λ κ (π) with an element of Γ(Θ F )\X(Θ F ). Notice that there is no regularity assumption here: indeed, e-regular orbits correspond to supercuspidal representations.
We then proceed to construct a level zero map Λ for the Langlands parameters of simple representations (or rather their restrictions to inertia), itself depending on the lift Θ E → Θ F but not on κ. For supercuspidal parameters we have the Ramification Theorem of Bushnell and Henniart, identifying the endo-class of a representation with the restriction to wild inertia of the Langlands parameter. Then we get an element of Γ(Θ F )\X(Θ F ) from Clifford theory: the role played by the lift Θ E becomes transparent here. The general case is handled by taking direct sums, and we make the following definition.
Definition. Fix an endo-class Θ F and a lift Θ E → Θ F . Let κ be a β-extension of a maximal simple character in GL n (F ) with endo-class Θ F , and form the level zero maps Λ κ and Λ with respect to Θ E . We say that κ is a canonical β-extension if
for all simple representations π with endo-class Θ F .
Here, rec denotes the local Langlands correspondence. This definition is independent of Θ E , as changing it twists both sides of the equation by the same element of Gal(e/f ). We prove the following theorem, which is the main result of this article.
Theorem. Let θ be a maximal simple character in GL n (F ). Then 1. θ admits a unique canonical β-extension κ can . It is the twist of the p-primary β-extension by ǫ 1 θ ǫ Gal , where ǫ 1 θ is the symplectic sign character of θ and ǫ Gal is a quadratic character which is nontrivial if and only if p = 2 and the degree of a tame parameter field of Θ F over F is even.
if θ
′ is an endo-equivalent maximal simple character in GL an (F ) for some positive integer a, then κ can is compatible with the canonical β-extension of θ ′ .
To summarize with an example, we obtain a parametrization of the supercuspidal inertial classes of GL n (F ) by triples (Θ F , Θ E , [χ]), consisting of 1. an endo-class Θ F defined over F , of degree δ(Θ F ) dividing n.
a lift Θ
3. a Galois orbit of e-regular characters of e × n/δ(ΘF ) under the action of Gal(e n/δ(ΘF ) /e). 
This description of supercuspidal inertial classes in terms of a "wild part" Θ F and a "level zero part" [χ], provided one fixes a lift Θ E , extends by construction to simple inertial classes. At the end of this paper, we sketch an extension of this connection between the level zero parts of types and Langlands parameters to arbitrary inertial classes of irreducible representations. There is an analogous parametrization over any algebraically closed field R of characteristic ℓ different from p, and it is compatible with reduction modulo ℓ when dealing with integral Q ℓ -representations. In [Dot17] , we show that canonical β-extensions exist for inner forms of GL n (F ), and that the Jacquet-Langlands correspondence admits an equally direct description in these terms. Notice, however, that the Ramification Theorem itself is a nonconstructive bijection, and does not describe the wild inertia representation corresponding to an endo-class (see the introduction to [BH14] and references therein for more on this).
Let us briefly describe how our work relates to the literature on the subject. The role of the lift Θ E → Θ F is to provide a rigidification: there are many automorphisms of J θ /J 1 θ , and Θ E singles out an inner conjugacy class. The need for this seems to arise whenever one needs to compare inertial classes in different groups and wants the result to be independent of all choices in the construction, but it hasn't been treated systematically away from the supercuspidal case. The rigidification can be provided in various ways, all closely related: compare for instance the Compatibility Assumption in [SS16b] section 9, and the role of the tame parameter field in [BH14] . Our method is directly inspired by the latter reference. The supercuspidal case of our main result is a direct consequence of the main theorems of [BH14] , and we deduce the general case via a technique introduced by Sécherre and Stevens in [SS16b], using reduction modulo various primes to analyze the level zero parts while keeping the endo-class fixed. We deduce the compatibilities with reduction mod ℓ which are required to apply this technique from work of Vignéras [Vig01b] , [Vig01a] . To our knowledge, the notion of a canonical β-extension is new and hasn't appeared previously.
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Notation and conventions. The notation for local fields will be as follows: F denotes a local field, f the residue field of F , F n the unramified extension of F of degree n in some fixed algebraic closure F , and f n the residue field of F n . The group of Teichmüller roots of unity in F is denoted µ F . We write W F for the Weil group of F , I F for the inertia group and P F for the wild inertia group. We normalize the Artin map Art F : F × → W ab F so that uniformizers correspond to geometric Frobenius elements. If σ is a representation of W F , its twist by the unramified character of W F sending a geometric Frobenius element to q −n for n ∈ Z is denoted σ(n). This character for n = 1 corresponds to the normalized absolute value of F under Art F , hence we denote it by w → |w|.
For a prime number ℓ, we say that an element g of a finite group is ℓ-primary if it has order a power of ℓ and ℓ-regular if it has order coprime to ℓ. We write g (ℓ) for the ℓ-regular part of g and g (ℓ) for the ℓ-primary part of g.
Representations of a locally profinite group like GL n (F ) or W F are assumed to be smooth (and finitedimensional for W F ), with coefficients over an algebraically closed field R of characteristic different from p, which will be specialized to C, Q ℓ and F ℓ in the course of the paper. Parabolic induction from a standard Levi subgroup is always along the upper-triangular parabolic, and normalized, and we write π 1 × · · · × π n for the parabolic induction of π 1 ⊗ · · · ⊗ π n . This requires us to fix a square root of q in R × , but changing it does not modify the inertial class of the supercuspidal support of any given irreducible representation, hence the choice will not affect any of our results which are concerned with inertial classes.
Representations of GL n (F ).
In this section we recall from [MS14a] and [MS14b] the definition of the K-functor attached to a β-extension with endo-class Θ F and we show how a lift Θ E → Θ F allows us to write down a level zero map Λ κ sending a simple inertial class to an element of Γ(Θ F )\X(Θ F ). We introduce compatible β-extensions and describe the behaviour of Λ κ under parabolic induction and under mod ℓ reduction for Q ℓ -coefficients. Unless otherwise specified, the representations in this section have coefficients in a fixed algebraically closed field R of characteristic different from p.
K-functors and blocks.
Let θ be a maximal simple character in G = GL n (F ) and fix a β-extension κ to J θ . This defines an exact functor K
, see also [Vig96] , there is a block decomposition of the category of smooth R-representations of G with the blocks indexed by inertial equivalence classes of supercuspidal supports in G, generalizing the Bernstein decomposition over the complex numbers. We are going to study this functor in the case of simple blocks of endo-class Θ F , that is, those whose supercuspidal support is inertially equivalent to (GL n/r (F ), π ⊗r 0 ) for some positive divisor r of n and some representation π 0 of endo-class Θ F . We will call the set of irreducible representations in a block an inertial class of representations. We record the behaviour of the K To do so, we describe a way to single out a conjugacy class of isomorphisms
Lifts and rigidifications.
Choose a simple stratum [A, β] defining θ, and let B = A ∩ B for the commutant B = Z A (F [β]). Since θ is maximal, B is a maximal order in the F [β]-algebra B. Recall that all maximal simple characters in G which are endo-equivalent to θ are actually conjugate to θ, because they have conjugates which are endo-equivalent maximal simple characters defined on the same order. These intertwine by theorem 8.7 in [BH96] , and there is an "intertwining implies conjugacy" theorem for GL n (F ), see theorem 3.5.11 in [BK93] .
We obtain a system of β-extensions of all conjugates of θ, stable under conjugation by G, by noticing that the pullback ad(g) * κ is a β-extension of ad(g) * θ whenever g ∈ G. For this to be well-defined, we need to check that if g ∈ G normalizes θ, then it normalizes κ; but the normalizer J θ of θ in G normalizes J θ , which is the unique maximal compact subgroup of J θ , and θ and κ have the same G-intertwining (this is a defining property of β-extensions), hence the claim follows. See [BH14] 2.1.1 for more details.
Fix an
such that the order B gets mapped to
θ , and its inverse yields an isomorphism
upon composition with Φ. Here,
Recall that a parameter field for θ is by definition an F -subalgebra of A of the form F [β] for a simple stratum [A, β] for which θ is a simple character. An unramified parameter field is a subfield of A of the form
ur for a parameter field
, 2.6 Proposition). Let θ be a maximal simple character in A × and let E 1 , E 2 be unramified parameter fields for θ. Then
θ normalizes an unramified parameter field for θ, then it centralizes it. It follows that there exists exactly one isomorphism E 1 → E 2 which can be realized by conjugation by elements of J 1 θ . The degree of an unramified parameter field of θ over F equals f (Θ F ), which is independent of the choice of [A, β] defining θ, and even of the choice of a representative θ of Θ F . Let E = F f (ΘF ) , the unramified extension of F in F of degree f (Θ F ). By proposition 2.2, between any two unramified parameter fields E i for θ there is a distinguished isomorphism ι E1,E2 : E 1 → E 2 . Choose F -linear isomorphisms with E for any unramified parameter field for θ, such that ι E1,E2 ι E1 = ι E2 throughout. Denote this system of isomorphisms by ι.
Returning to our fixed parameter field
Putting this all together, we get an isomorphism
Proposition 2.3. The orbit Ψ(ι) of Ψ under the conjugation action of GL n/δ(ΘF ) (e) is independent of the choice of [A, β] and Φ, and only depends on θ and ι.
Proof. Take two maximal simple strata defining θ. By [BH14] 2.1.1, they are both constructed on the same order A), hence they have the form [A,
. We obtain isomorphisms
and it suffices to prove that they differ by an inner automorphism of the target.
Observe that (2.1) is induced on the groups of units by an analoguous sequence
of e-linear ring isomorphisms between e-algebras. The equality
is additively generated by its group of units (as for all matrix algebras over fields), hence
The e-algebra structure on j(β i , A)/j 1 (β i , A) comes from the embedding ι F [βi] ur for i = 1, 2, and by construction these embeddings are conjugate by the action of J 1 θ . So these two e-algebra structures coincide. The claim now follows from the Skolem-Noether theorem applied to the two e-linear ring isomorphisms
We now show how a lift Θ E → Θ F , defined as in section 9 of [BH96] , gives rise to such a compatible system of isomorphisms. Let [A, β i ] for i = 1, 2 be a simple stratum in A defining θ, and let E i denote the unramified parameter field F [β i ] ur of θ. Since β i commutes with E i , and
, the results in section 7 of [BH96] apply and we can take the interior lift of θ to a maximal simple character θ Ei of the centralizer Z G (E i ), which is isomorphic to a general linear group over E i (the isomorphism being induced from an E i -linear isomorphism, hence well-defined up to inner automorphisms). Fix two compatible isomorphisms ι Ei : E → E i . We get endo-classes
Proposition 2.4. The endo-classes Θ 1 E and Θ 2 E are equal. Proof. Because the ι Ei are compatible, we have ι E2 = ι E1,E2 ι E1 , for ι E1,E2 : E 1 → E 2 the only isomorphism induced by conjugation by elements of J 1 θ (see proposition 2.2). The relation
, and the claim follows.
Proposition 2.5. The group Gal(E/F ) is simply transitive on the set Res
, which is in bijection with the set of simple components of E⊗ F F [β] for any parameter field
and so the fiber Res
has as many elements as Gal(E/F ).
If we fix a lift Θ E of Θ F to E, it follows that for any unramified parameter field E par for θ we can define ι E par : E → E par to be the only F -linear isomorphism such that ι * E par cl(θ E par ) = Θ E ; by proposition 2.5, ι E par is well-defined, and by proposition 2.4 this defines a compatible system of isomorphisms. From this, we deduce that Θ E gives rise to a conjugacy class of isomorphisms
for any maximal realization θ of Θ F in G, by setting Ψ(Θ E ) = Ψ(ι) for the ι just constructed.
We now define K κ , the K-functor associated to a β-extension κ of θ, by the composition of K + κ and pushforward by Ψ(Θ E ): this is an inner conjugacy class of isomorphisms, hence its action on isomorphism classes of representations is well-defined. Proposition 2.6. If θ 1 = ad(g) * θ 2 are conjugate maximal simple characters in G, and κ 1 = ad(g) * κ 2 are β-extensions of the θ i , then
Proof. Let E 1 be an unramified parameter field for θ 1 , and let ι E1 : E → E 1 be the only F -linear isomorphism with ι * E1 cl(θ 1,E1 ) = Θ E . Then gE 1 g −1 is an unramified parameter field for θ 2 , and we have an isomorphism ad(g) • ι E1 : E → gE 1 g −1 . Since θ 1 = ad(g) * θ 2 , the relation θ 1,E1 = ad(g) * θ 2,gE1g −1 holds on the interior lifts. Hence (ad(g)•ι E1 ) * clθ 2,gE1g −1 = Θ E and ad(g)•ι E1 is the isomorphism specified by Θ E . So conjugation by g preserves the classes Ψ(Θ E ) of isomorphisms J θi /J 1 θi → GL n/δ(ΘF ) (e), and since K + κ1 = ad(g) * K + κ2 the first claim follows. Now assume that the κ i are β-extensions of θ and K κ1 = K κ2 . There exists an abelian character χ of J θ /J 1 θ such that χκ 1 ∼ = κ 2 . By lemma 2.1 we see that K + κ1 and χK + κ2 coincide on cuspidal representations, so that χ is a character of e × fixing all irreducible cuspidal representations of GL n/δ(ΘF ) (e). This implies that χ = 1: we prove this in proposition 2.13, after recalling the classification of cuspidal representations of GL n (e).
By proposition 2.6, we can speak of the K-functor associated to a lift Θ E → Θ F and a GL n (F )-conjugacy class of β-extensions of the maximal simple characters of endo-class Θ F . We will often omit mention of the conjugacy class and just refer to K κ .
Parabolic induction.
Next we relate K-functors on different groups to deal with supercuspidal supports. Let (n 1 , . . . , n r ) be a sequence of positive integers summing to n, defining a Levi subgroup M of GL n (F ). Let Θ F be an endoclass whose degree divides all the n i . Then to every maximal β-extension κ in GL n (F ) of endo-class Θ F we can associate a unique sequence (κ 1 , . . . , κ n ) of compatible maximal β-extensions κ i in GL ni (F ), also of endo-class Θ F . The compatibility we need can be expressed as follows.
Proposition 2.7. Fix a lift Θ E → Θ F , and let π i be an irreducible representation of GL ni (F ). Then there is a canonical isomorphism
where i GL ni (F ) is block-diagonally embedded, and the parabolic induction at the right-hand side is for the Levi subgroup i GL ni/δ(ΘF ) (e) of GL n/δ(ΘF ) (e).
To see that these properties determines the (κ i ) uniquely, let the π i vary amongst irreducible cuspidal representations with endo-class Θ F , and apply uniqueness of cuspidal support in finite general linear groups together with propositions 2.1 and 2.6. Because K κ ∼ = χK χκ for any character χ of e × , we also see that if κ and (κ i ) are compatible then so are χκ and (χκ i ).
The existence of compatible β-extensions is established during the construction of covers of maximal simple types, and proposition 2.7 is a consequence of proposition 5.9 of [MS14b] , although this reference does not keep track of Θ E . So we review the construction briefly. Fix a decomposition F n = F n1 ⊕ · · · ⊕ F nr . Assume that θ is defined by a stratum [A max , β] such that F (β) preserves the decomposition and A max conforms to the decomposition (see 5.3 in [MS14b] ). We obtain an embedded block-diagonal i A i ∼ = i M ni (F ) in M n (F ), for which F (β) is diagonally embedded. The commutant B = Z A (E) contains the product B 1 × · · · × B r , and the order A max yields orders A max,i in each of the A i , by intersecting the lattice sequence of A max with F ni . Transfer θ to maximal simple characters θ i defined on the A max,i . We are going to see that κ determines a β-extension of each of these θ i . For this, we need to fix an Transfer θ to a simple character θ Λ defined on Λ (it won't be maximal) and let κ Λ be the transfer of κ to a β-extension of θ Λ . Then let N be the upper-triangular unipotent group defined by the (n 1 , . . . , n r ), and take the invariants of κ Λ under J(β, Λ) ∩ N : this is a representation of J(β, Λ) ∩ M which by [SS12] proposition 6.6 decomposes as a tensor product of β-extensions of the θ i . If n i = n j then the same reference shows that κ i ∼ = κ j ; when studying simple inertial classes, all these n i coincide. We will consider the functors K i that these maximal β-extensions κ i define with the respect to the same lift Θ E → Θ F .
By construction, the isomorphism Φ restricts to Proof. Recall that θ i is the transfer of θ to A max,i ; we know by assumption that the interior lift θ F [β] ur has endo-class Θ E under ι, and the content of the lemma is that the same is true for these transfers. This follows from the compatibility between interior lifts and transfer maps, for which see for instance [BSS12] theorem 6.7.
Proof of proposition 2.7. By proposition 5.9 in [MS14b] , we have an isomorphism
Here Remark 2.9. So far, we have implicitly assumed that the endo-class Θ F is nontrivial. To treat the case of level zero representation, we fix a maximal order A in GL n (F ) with Jacobson radical P and identify A/P → M n (f ) by any f -linear isomorphism. The unit group A × is a maximal compact subgroup, and we find a canonical inner conjugacy class of isomorphisms A × /U 1 (A) → GL n (f ). The corresponding K-functor sends a smooth representation π of G to the representation of
The analogue of proposition 2.7 is true, and proved in [Vig96] lemme III.3.14: given irreducible representations π i of GL ni (F ), one has a canonical isomorphism
Whenever we have (n 1 , . . . , n r ), and a sequence (κ i ) with the same endo-class as κ, it makes sense to ask whether they are compatible. As remarked above, a necessary condition is that κ i ∼ = κ j if i = j. In the simple case, in which all the n i are equal to n/r for some positive divisor r of n, every maximal β-extension κ n/r admits a unique compatible β-extension κ n (compare [MS14b] remarque 5.17). On refining the decomposition (n i ), we have the following transitivity result.
Proposition 2.10. Let (n i ) i∈I be a sequence summing to n. Assume that for all i we have a sequence (m ij ) j∈Ji of positive integers summing to n i , such that δ(Θ F ) divides every m ij . Let κ be a β-extension in GL n (F ) of endo-class Θ F . Let (κ i ) i∈I be a sequence of β-extensions compatible with κ, and for all i let (κ ij ) j∈Ji be a sequence compatible with κ i . Then (κ ij ) is compatible with κ for the sequence (m ij ).
Proof. There exists a unique sequence (κ ij ) of β-extensions of the GL n/mij (F ) compatible with κ. Fix cuspidal representations ρ ij of GL mij (F ), and form K-functors with respect to a fixed lift Θ E . Then by proposition 2.7 we have isomorphisms
By proposition 2.1, the representations K κij (ρ ij ) and K κij (ρ ij ) are irreducible and cuspidal. If the κ ij and the κ ij were nontrivial twists of each other then we would derive a contradiction from proposition 2.13 and the uniqueness of cuspidal support in finite general linear groups, by letting the ρ ij vary.
Remark 2.11. A compatibility of this kind is implicit in [MS14b] remarque 5.17, so probably it can be proved directly (without the use of K-functors).
Level zero maps.
In this section we define the level zero part of a simple irreducible representation π of G = GL n (F ). It only depends on the inertial class of π, which for a supercuspidal representation π consists of the unramified twists of π and is determined by the conjugacy class of maximal simple types it contains. Recall that the coefficient field R is an algebraically closed field of characteristic different from p.
Assume that π is supercuspidal, and let Θ F be its endo-class. Fix a β-extension κ of a maximal simple character θ in G with endo-class Θ F . Let Θ E → Θ F be a lift. Then, π contains a unique maximal simple type of the form (J θ , κ ⊗ σ). Using the conjugacy class Ψ(Θ E ) as in the previous section, we identify σ with a representation K κ (π) of GL n/δ(ΘF ) (e), which by [MS14a] lemme 6.1 and lemme 6.8 is supercuspidal if so is π. We will refer to this representation as the level zero part of π. It only depends on the inertial class of π and the lift Θ E .
For a simple representation π of G with supercuspidal support inertially equivalent to (GL n/r (F ) ×r , π ⊗r 0 ), such that π 0 has endo-class Θ F , we define the level zero part of π to be the level zero part of π 0 , computed with respect to the β-extension compatible to κ and the same lift Θ E . By proposition 2.7, the supercuspidal support of every Jordan-Hölder factor of K κ (π) is a multiple of the level zero part of π.
To go further in the study of the level zero part, we recall some properties of the Green parametrization of cuspidal Q ℓ -representations of general linear groups over finite fields, and of its analogue mod ℓ studied by James. Over Q ℓ , we have a bijection σ : (orbits of Gal(e n /e) on e-regular characters of e × n ) → (supercuspidal irreducible representations of GL n (e)) characterized by a character identity on maximal elliptic tori (see [Gre55] or section 2 of [BH10] ). We recall that if e × n is embedded in GL n (e) via the left multiplication action on e n , and x ∈ e × n is a primitive element for the extension e n /e, then trσ[χ](x) = (−1)
for F the Frobenius element of Gal(e n /e). A character χ : e × n → Q × ℓ decomposes uniquely as a product of an ℓ-singular part χ (ℓ) and an ℓ-regular part χ (ℓ) , whose orbits under Gal(e n /e) only depend on the orbit of χ. We use the mod ℓ reduction map to identify the prime-to-ℓ roots of unity in Q ℓ and F ℓ . Then the reduction mod ℓ of χ identifies with χ (ℓ) . The reduction r ℓ (σ[χ]) is irreducible and cuspidal, and only depends on [χ (ℓ) ]. We denote it by σ ℓ [χ (ℓ) ]. This defines a bijection, from the orbits of Gal(e n /e) on the characters of (e Example 2.12. Since F × 9 has eight elements, the only character F × 9 → F × 2 is the trivial character. Hence GL 2 (F 3 ) has no supercuspidal representations over F 2 , and precisely one cuspidal irreducible representation, with supercuspidal support 1 ⊗ 1. Proposition 2.13. Let R be an algebraically closed field of characteristic ℓ = p, let e = F q , and let ψ be an R-character of e × such that ψπ ∼ = π for all cuspidal R-representations of GL n (e). Then ψ = 1. For R = F ℓ , such a ψ lifts to a character ψ : (e × ) (ℓ) → Q × ℓ such that for all e-regular χ : e
. By duality, we get an element x ∈ (e × ) (ℓ) such that whenever z ∈ e × n is e-regular we
Assume that e × n contains an ℓ-singular element-that is, some ζ ∈ µ l ∞ (e n )-which is e-regular. Then
Otherwise, there exists a proper divisor a|n such that (e × n ) (ℓ) = (e × a ) (ℓ) . Let τ be a generator of (e × n ) (ℓ) : then τ is the ℓ-regular part of some e-regular element of e × n , which can be chosen to be a generator of e × n . There exists a proper divisor b of n such that (Frob q ) b τ = ξτ for some ξ ∈ e × , because the set of g ∈ Gal(e n /e) with (gτ )τ −1 ∈ e × is a subgroup and by assumption it is not trivial if x = 1. Let w be the order of ξ ∈ e × , which is a divisor of |e
and (Frob q )
b fixes the subgroup w · (e × n ) (ℓ) , which has index at most
Since w|q − 1, we have that
Then the bound yields q n − 1 ≤ (q a − 1)(q b − 1) for certain proper divisors a, b|n. This is impossible even if both a and b coincide with the largest proper divisor d of n, because q n − 1
The claim then holds over F ℓ , and follows over arbitrary R of characteristic ℓ because an irreducible F ℓ -representation of GL n (e) is absolutely irreducible, and the number of irreducible representations over F ℓ and R is the same (it is the number of ℓ-regular conjugacy classes in GL n (e)).
Using the mod ℓ reduction map Q × ℓ → F × ℓ , and the fact that H 1 θ is a pro-p group for every maximal simple character θ in GL n (F ), we identify maximal simple characters over these fields. By [MS14b] proposition 2.37, the reduction of every lattice in a β-extension κ of a maximal simple Q ℓ -character θ is a β-extension of the reduction of θ.
For an endo-class Θ F we write X R (Θ F ) for the group of R-values characters of e × n/δ(ΘF ) (no regularity assumption) and Γ(Θ F ) for the Galois group Gal(e n/δ(ΘF ) /e). Then over R = Q ℓ a choice of β-extension κ determines a level zero map
and via the reduction of κ there is a similar map over F ℓ ,
In more detail, a simple inertial class has the form [GL n/m (F ), π ⊗m 0 ], where π 0 is supercuspidal. If π 0 has endo-class Θ F then its level zero part is an irreducible supercuspidal representation of GL n/mδ(ΘF ) (e), which corresponds to an orbit of e-regular characters of e ur so that the pullback of the interior lift of θ has endo-class Θ E , and so
By construction and proposition 2.7, Λ r ℓ (κ),F ℓ (τ ) is the inflation of the character orbit corresponding to the supercuspidal support of K r ℓ (κ) (τ ). Every factor of K κ (π) has supercuspidal support K κ0 (π 0 ) ⊗m , where κ 0 is compatible with κ. Hence the reduction of every factor of K κ (π) has the same supercuspidal support as r ℓ (K κ0 (π 0 ) ⊗m ). Again, Λ κ,Q ℓ (π) is the inflation of the character orbit corresponding to K κ0 (π 0 ), hence, by the discussion above, the supercuspidal support of r ℓ (K κ0 (π 0 )) is a multiple of σ ℓ (Λ κ,Q ℓ (π) (ℓ),reg ). Since K r ℓ (κ) (τ ) appears in the reduction of K κ (π), the claim follows.
We record a lemma on the behaviour of the level zero map under change of lift.
Lemma 2.15. Write Λ ΘE κ for the level zero map of the β-extension κ formed with respect to the lift
Proof. Given an isomorphism J θ /J 1 θ → GL n/δ(ΘF ) (e) in the conjugacy class Ψ(Θ E ), induced by an embedding E → F [β] in a parameter field, one sees that the isomorphism
, hence is in conjugacy class Ψ(γ * Θ E ). The claim follows.
In the rest of the paper, we will usually have a fixed lift Θ E → Θ F , and won't mention Θ E in the notation for Λ κ . Similarly, we won't mention the coefficient field when it is clear from the context.
Langlands parameters.
3.1 Langlands correspondence and change of fields.
We briefly review the local Langlands correspondence for GL n (F ) over the complex numbers. The Langlands parameters for GL n (F ) can be identified with Frobenius-semisimple Weil-Deligne representations over the complex numbers, which are pairs (V, N ) consisting of a semisimple smooth representation of W F and a nilpotent monodromy operator N : V (1) → V . They can be written uniquely as direct sums
for irreducible smooth representations σ i of W F . The special representation Sp(n) has a basis {e 1 , · · · , e n } such that we i = |w| i−1 e i for w ∈ W F , and the monodromy acts as N e i = e i+1 for i ∈ {1, . . . , n − 1}. The local Langlands correspondence is a bijection, denoted rec, of the isomorphism classes of irreducible complex representations of GL n (F ) onto the complex Frobenius-semisimple Weil-Deligne representations of dimension n. It restricts to a bijection rec 0 from supercuspidal irreducible representations to irreducible smooth W F -representations (since the kernel of N is stable under W F , these have trivial monodromy). It satisfies a number of compatibilities we shall not use directly, for which see section 1 of [Hen01] for instance. We will need, however, the compatibility of rec with the Bernstein-Zelevinsky classification.
Recall that a segment of complex supercuspidal representations of GL n (F ), of length m, consists of a sequence (ρ, ρ(1), . . . , ρ(m − 1)) of twists of a supercuspidal ρ by powers of the unramified character g → | det(g)|. The representations of GL n (F ) are in bijection with the multisets of segments of total length n.
Lemma 3.1. Let π be an irreducible complex representation of GL n (F ) corresponding to the multiset {∆ 1 , . . . , ∆ r }, where
Proof. This holds by the construction of rec from rec 0 , for which see [Rod82] section 4.4.
The inertial class of an irreducible representation of GL n (F ) is described by the restriction to inertia of its Langlands parameter, in the following sense. For a Weil-Deligne representation τ , write τ |I F to denote the restriction to I F of the underlying W F -representation. Proof. If the π i are inertially equivalent then the W F representations underlying rec(π i ) have the same restriction to I F by lemma 3.1 and the compatibility of rec with unramified twists.
Conversely, assume that rec(π 1 )| IF ∼ = rec(π 2 )| IF and let τ 1 occur in the supercuspidal support of π 1 . By lemma 3.1, rec(τ 1 ) is a direct summand of rec(π 1 )| WF , hence rec(τ 1 )|I F shares a constituent with rec(τ 2 )| IF for some τ 2 in the supercuspidal support of π 2 . Since the restriction of an irreducible W F -representation to I F is multiplicity-free and consists of a single orbit of representations under the action of W F /I F , this implies that rec(τ 1 )|I F ∼ = rec(τ 2 )|I F . Hence rec(τ 1 ) and rec(τ 2 ) are unramified twists of each other, so that an unramified twist of τ 1 occurs in the supercuspidal support of π 2 . The claim follows.
Concerning the wild part of the Langlands parameter, we recall the following result of Bushnell and Henniart. Write P ∨ F for the set of irreducible smooth representations of P F , and E(F ) for the set of endoclasses of simple characters over F . There is a left action of W F on P ∨ F by conjugation. If σ is an irreducible representation of W F , then let r 1 F (σ) ∈ W F \P ∨ F be the orbit contained in the restriction σ| PF (which needn't be multiplicity-free). 
is the endo-class of rec −1 (σ), for any irreducible σ. If γ : F → F is a topological automorphism, extended in some way to an automorphism of
Remark 3.4. These results have been extended in the supercuspidal case to study the behaviour of the whole ramification filtration under the local Langlands correspondence, see [BH17] . However, we will not make use of this.
We will need to work over Q ℓ for primes ℓ = p. For this, we can fix a ring isomorphism ι ℓ : C → Q ℓ and then transfer rec to a bijection rec ℓ between irreducible representations of GL n (F ) over Q ℓ and Frobeniussemisimple Weil-Deligne representations of dimension n over Q ℓ . However, some care has to be taken since the Langlands correspondence does not commute with all automorphisms of C: see [Hen01] 7.4. One way of getting around this is to fix a square root of q in C and Q ℓ and to work with isomorphisms ι ℓ that preserve it. In any case, any two choices of ι ℓ define bijections rec ℓ which differ at most by a quadratic unramified twist at any given Q ℓ -representation of GL n (F ). Since we'll mostly be concerned with the restriction to inertia of Weil-Deligne representations, our results will be independent of the choice of ι ℓ . For instance, the Ramification Theorem holds over Q ℓ : any choice of ι ℓ induces via rec ℓ a bijection between endo-classes for F over Q ℓ and orbits of W F on irreducible smooth Q ℓ -representations of P F , and this bijection is independent of the choice of ι ℓ .
Since P F is a pro-p group, the orbits of its irreducible smooth F ℓ -representations under W F are identified with those over Q ℓ by choosing a lattice (which will be unique up to homothety) and reducing mod ℓ (the reduction will be irreducible). Similarly, the endo-classes over Q ℓ are identified with those over F ℓ , and the Ramification Theorem also holds over F ℓ .
Level zero maps.
A supercuspidal inertial type for W F is the restriction to inertia of an irreducible representation σ of W F . In this section, we use Clifford theory for the group W F over the algebraically closed field R (of characteristic different from p), as in [Vig01b] and section 1 of [BH14] , to define the level zero part of a supercuspidal inertial type. Let σ be an irreducible R-representation of W F of dimension n. Since P F is a normal subgroup of W F , the restriction σ| PF is semisimple and consists of a single W F -orbit of irreducible representations (possibly with multiplicity). Let α be a representative of this W F -orbit. Let T = T α = Z F (α) be the tamely ramified extension of F corresponding to the stabilizer of α in W F .
By [BH14] 1.3, there exists a unique extension ρ α of α to I T with p-primary determinant, and ρ α extends to W T . We denote by ρ(α) an arbitrary choice of extension of ρ α to W T . As in [Vig01b] section 2.6, there exists a unique tamely ramified representation σ tr (α) of W T , denoted τ in [BH14] , such that σ ∼ = Ind 
The representation σ tr (α) can be written uniquely as an induced representation Ind
and is inflated to a character of W T d via the Artin reciprocity map
One then finds that σ ∼ = Ind
hence we can recover [χ(α)] from σ in a direct way: take the α-isotypic component σ α , restrict it to I Tα , and decompose the restriction as a direct sum of twists of ρ α , which is the only irreducible extension of α to I Tα with p-primary determinant character.
By the Ramification Theorem 3.3, to give the W F -orbit [α] F is the same as to give an endo-class Θ F = Φ F [α] F . By the Tame Parameter Theorem of [BH14] , the field T above is isomorphic over F to a tame parameter field for Θ F , and the degree δ(Θ F ) equals [T : F ] dim α. Since σ decomposes as the direct sum of its α-isotypic components for α ∈ [α] F and the orbit [α] F has [T : F ] elements, and ρ(α) extends α, we have the equality n = [T : F ](dim α)(dim σ tr (α)), and d = dim σ tr (α) = n/δ(Θ F ). Let's introduce the maximal unramified extension E = T ur of F in T . This is independent of the choice of α, and isomorphic to the unramified parameter field of Θ F in F . At this stage, we have attached to σ an endo-class Θ F of degree dividing n = dim(σ), and whenever we choose a representative α of the orbit [α] F attached to Θ F , we obtain a Gal(e n/δ(ΘF ) /e)-orbit [χ(α)] of e-regular characters of e
We 
where T α is regarded via the Galois correspondence as embedded in F on which W F acts, and since T α /E is totally ramified, the Teichmüller roots of unity in T α coincide with those in E.
A choice of lift Θ E of Θ F to E defines an orbit of W E on [α] F , and we are now in a similar situation as for GL n (F ), except that we have no ambiguity coming from the β-extension: a choice of lift Θ E → Θ F defines a level zero part map Λ
, which implies the lemma.
We then see that the behaviour of level zero maps under change of lifts is the same for GL n (F ) and W F . We will now fix a lift Θ E → Θ F and write Λ + for Λ + ΘE . Proposition 3.6. Two irreducible W F -representations σ 1 and σ 2 containing α ∈ P ∨ F have the same image under Λ + if and only if they have isomorphic restriction to I F .
Proof. For this, consider any irreducible W F -representation σ = Ind The representation σ α is isomorphic to ρ(α) ⊗ σ tr (α), where ρ(α) is some extension of α to W Tα whose restriction to I Tα has p-primary determinant. The representation σ tr (α) is by definition the induction to T α of a character orbit [χ 1 (α)], which depends on the choice of ρ(α), but its restriction to I Tα does not. So σ| IF determines the level zero part of σ, because
where ρ α is the unique extension of α to I Tα with p-primary determinant: this shows that the action of I Tα on the α-isotypic component of σ| IF , which coincides with the α-isotypic component of σ, determines the level zero part of σ with respect to α. Conversely, one can construct σ| IF if one knows that Λ
. Indeed, choose a representative α of the W TE -orbit of representations of P F attached to Θ E . Then the isotypic component σ α is isomorphic to
for some ρ(α) and some extension χ 1 (α) of χ to a character of T × d trivial on U 1 (T d ), which are not determined by the level zero part. However, by formula (3.2) we see that the restriction σ α |I Tα is determined by Λ + ΘE (σ). Similarly one computes all the σ γ | IT γ for γ ∈ [α] F , applying lemma 3.5, and then the restriction σ|I F is determined by formula (3.1).
At this stage, we have defined in terms of a lift Θ E → Θ F a level zero map
with image the e-regular orbits. The left-hand side consists of course of those representations whose restriction to P F corresponds to Θ F . The Langlands parameter of a simple GL n (F )-representation π over R of characteristic zero has restriction to inertia isomorphic to σ ⊕m for some m|n and some supercuspidal inertial type σ of dimension n/m: σ is the restriction to inertia of the Langlands parameter of a representation in the supercuspidal support of π. Motivated by this, we define a simple inertial type over R (of arbitrary characteristic) to be a multiple of a supercuspidal inertial R-type, and we extend the map Λ + by
where N is the norm for the field extension e n/δ(ΘF ) /e n/mδ(ΘF ) . Notice that n/(mδ(Θ F )) is an integer: σ is an n/m-dimensional irreducible representation of W F , hence (by the computation of the dimension of σ tr in the above) its level zero part is indeed a character orbit of e × n/mδ(ΘF ) . It will be convenient (because of the statement of theorem 4.3 to follow) to twist this level zero map by a certain automorphism of e × n/δ(ΘF ) . Let p r be the degree of any parameter field P of Θ F over the maximal tamely ramified extension of F it contains (the degree of the "wildly ramified part" of the endo-class Θ F ). Then we define
for any simple inertial type τ for W F .
Compatibilities between level zero maps.
Fix a lift Θ E , so that every β-extension κ in GL n (F ) of a maximal simple character with endo-class Θ F defines a level zero map Λ κ on simple inertial classes with endo-class Θ F . As in the previous section, we also have a level zero map Λ on simple inertial types for W F , and the local Langlands correspondence over C defines a bijection rec : (simple C-inertial classes with endo-class Θ F ) → (simple C-inertial types with endo-class Θ F ). (3.3)
We define a permutation ξ(κ) of the set Γ(Θ F )\X C (Θ F ), depending on κ, via
for any simple irreducible representation π of GL n (F ) with endo-class Θ F . Any isomorphism ι ℓ : C → Q ℓ defines a bijection rec ℓ analoguous to (3.3), identifying both sides of (3.3) with their analogues over Q ℓ , and these identifications commute with the level zero maps through ι ℓ . The permutation
is defined in the same way, using rec ℓ and the level zero maps over Q ℓ .
Theorem 3.7. Two elements of Γ(Θ F )\X C (Θ F ) have the same ℓ-regular part if and only if their images under ξ(κ) have the same ℓ-regular part.
Proof. By the discussion above, it suffices to prove the theorem over Q ℓ . Since ξ ℓ (κ) is a bijection, it suffices to prove that it preserves equality of ℓ-regular parts. Consider two simple irreducible integral representations π i with endo-class
Assume that ψ i is norm-inflated from an e-regular character µ i of e × n/aiδ(ΘF ) . By proposition 2.14, the equality Λ r ℓ κ,F ℓ (r ℓ π i ) = [ψ i ] (ℓ) holds. We can actually choose the π i so that the r ℓ (π i ) have the same supercuspidal support, and not just up to inertia. To see this, first choose the π i so that they have supercuspidal support of the form (π 
Write τ i for the semisimple W F -representation underlying rec ℓ (π i ). It is a direct sum of a i copies of some irreducible representation σ i . Writing r ℓ (σ) for the semisimplification of the mod ℓ reduction of a semisimple finite-dimensional Q ℓ -representation σ of W F , by 1.6 Théorème Principal in [Vig01a] we know that r ℓ (τ 1 ) = r ℓ (τ 2 ).
By the Ramification Theorem 3.3, the σ i contain the same irreducible representation α of the wild inertia group P F . They can therefore be written as inductions of their α-isotypic component, σ i = Ind 
Notice that the χ i may be characters of different groups, and at this stage we don't attempt to compare them with the ψ i . It suffices to prove that (χ 1 |µ T d 1 ) (ℓ) and (χ 2 |µ T d 2 ) (ℓ) are both norminflated from µ T -regular characters of the same µ Tr for some r > 0, and that these characters of µ Tr are conjugate over T . Now we proceed as in section 6.2.1 of [Vig01b] . Since the wild inertia group P F is a pro-p group, we can identify its representations over Q ℓ and F ℓ . Then, we use that r ℓ (σ i ) is the semisimplification of Ind
The character ξ i = r ℓ (χ i ) needs not be ℓ-regular, and it extends to its stabilizer in W T , the Weil group of some intermediate unramified extension T ri of T . Since ρ(α) extends to W T , hence to W Tr i , the induction Ind Since r ℓ (τ 1 ) = r ℓ (τ 2 ) and r ℓ (τ i ) is a multiple of r ℓ (σ i ) in the Grothendieck group, we see that Ind are conjugate over T , after descending to µ Tr via the norm (here r = r 1 = r 2 ).
There is a similar compatibility with the parametric degree of [χ] ∈ Γ(Θ F )\X C (Θ F ), defined as the size of the orbit [χ].
Proposition 3.8. The map ξ(κ) preserves parametric degrees.
Proof. This is an immediate consequence of the definition of Λ κ and Λ, together with lemma 3.1.
Canonical β-extensions.
By requesting that the level zero maps for the same Θ E → Θ F on GL n (F ) and on W F coincide, we obtain a canonical normalization for maximal β-extensions. In this section we work over the complex numbers.
Definition 4.1. Fix a lift Θ E → Θ F . We say that a maximal β-extension κ of endo-class Θ F is canonical if Λ κ (π) = Λ(rec(π)) for all simple irreducible representations of GL n (F ) of endo-class Θ F . Equivalently, ξ(κ can ) is the identity.
Theorem 4.2. Let κ can be a maximal β-extension of endo-class Θ F such that ξ(κ can ) fixes the e-regular elements of Γ(Θ F )\X(Θ F ). Then ξ(κ can ) = 1.
Proof. This is proved as lemma 9.11 in [SS16b] . Assume that α is a character of e Let a ≥ 1 be some large integer (a ≥ 7 will suffice) and write κ can * for the maximal β-extension in GL an (F ) compatible with κ, and let π a be a representation of GL an (F ) with supercuspidal support π ⊗ar 0 . Then it follows from proposition 2.10 that Λ κ can * π a is the inflation [ for every e-regular character β of e × an/δ(ΘF ) , because κ and κ can * are unramified twists of each other. We will prove that δ is trivial: this implies the theorem.
Fix some e-regular character α + of e × n/δ(ΘF ) . Because a is large enough, there exists some prime number ℓ = p not dividing the order of e Finally, we can take α + to be a generator of the character group of e × n/δ(ΘF ) , hence we can assume that α + has order |e| n/δ(ΘF ) − 1. But the order of α * + divides (|e| i − 1)(|e| − 1) by the above; and since |e| ≥ 2 we have |e| n/δ(ΘF ) − 1 > (|e| i − 1)(|e| − 1), hence i = 0 and δ is trivial.
The existence of κ can satisfying the assumptions of theorem 4.2 can be deduced from the Types Theorem of Bushnell and Henniart, see [BH14] . We will give an explicit description of κ can as a twist of a p-primary β-extension. Theorem 4.3. Let θ be a maximal character in GL n (F ) of endo-class Θ F . Let κ be the p-primary β-extension of θ, let ǫ 1 θ be the symplectic sign character of θ (see section 5 of [BH14] ) and let ǫ Gal be the quadratic character of e × which is nontrivial if and only if p = 2 and the degree of a tame parameter field of Θ F over F is even. Then κ can = ǫ Gal ǫ 1 θ κ has the property that Λ κ can (π) = Λ(rec(π)) for all supercuspidal irreducible representations π of GL n (F ) with endo-class Θ F .
Proof. Let σ be an irreducible representation of W F with Λ(σ) = [χ], so that if we fix α ∈ [α] E corresponding to Θ E then the isotypic component σ α of σ is isomorphic to ρ(α) ⊗ σ tr (α) for some choice of ρ(α) and σ(α). The Types Theorem in [BH14] then says that rec −1 (σ) contains an extended maximal simple type of the form ψ ⊙ λ σ tr (α) ⋉ ν.
Let's give definitions for these objects. First, one fixes a simple stratum [A, β] defining θ, with tame parameter field T θ ⊆ F [β], and identifies T = T α with T θ . This is done via an isomorphism ι : T α → T θ in such a way that the pullback to T of the endo-class over T θ of the interior lift θ T θ coincides with the endo-class Θ T = Φ T (α) corresponding to the W T -orbit [α] T of representations of the wild inertia group P F = P T . By construction, Φ E (α) = Θ E , and by [BH14] 6.2 Proposition we have that Θ T is a lift of Θ E to T . But cl(θ T θ ) is a lift to T θ of the endo-class cl(θ T ur θ ) of the interior lift of θ to the unramified parameter field T ur θ Finally, we mention that the connection between K-functors and level zero parts of Langlands parameters carries over to arbitrary Bernstein components of GL n (F ). We briefly sketch how to see this. Given an inertial class of supercuspidal supports in GL n (F )
we can assume that the π i are ordered according to their endo-class, so that there is a partition I 1 , . . . , I t of {1, . . . , r} such that i ∈ I j if and only if π i has endo-class Θ j . For 1 ≤ j ≤ t write n j = i∈Ij m j . In section 6 of [SS16a] there is constructed a functor K : (smooth representations of GL n (F )) →   representations of 1. K only depends on the choice of a maximal β-extension κ j in GL nj (F ) of endo-class Θ j .
2. (see theorem 6.2 in [SS16a] ) taking the β-extensions κ i in GL mi (F ) compatible with κ j , for i ∈ I j , there is an isomorphism K(Ind
The induction at the left-hand side is unnormalized, but this does not affect conclusions regarding inertial classes. If π is a representation with supercuspidal support in s, we see that rec(π)| IF ∼ = ⊕ r i=1 rec(π i )| IF by lemma 3.1. It follows that, if all the κ i are canonical and we compute with the corresponding K-functor, then the supercuspidal support of K(π) encodes the level zero part of the Langlands parameter of π.
